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Abstract
In this paper we introduce in study the projectively related com-
plex Finsler metrics. We prove the complex versions of the Rapcsa´k’s
theorem and characterize the weakly Ka¨hler and generalized Berwald
projectively related complex Finsler metrics. The complex version of
Hilbert’s Fourth Problem is also pointed out. As an application, the
projectiveness of a complex Randers metric is described.
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1 Introduction
The problem of projectively related real Finsler metrics is quite old in geom-
etry and its origin is formulated in Hilbert’s Fourth Problem: determine the
metrics on an open subset in Rn, whose geodesics are straight lines. Two
Finsler metrics, on a common underlying manifold, are called projectively
related if any geodesic of the first is also geodesic for the second and the
other way around.
The study of projective real Finsler spaces was initiated by L. Berwald,
[10, 11] , and his studies mainly concern the two dimensional Finsler spaces.
Further substantial contributions on this topic are from Rapcsa´k [23], Misra
[20] and, especially, from Z. Szabo [27] and M. Matsumoto [18]. The prob-
lem of projective Finsler spaces is strongly connected to projectively related
sprays, as Z. Shen pointed out in [26]. The topic of projective real Finsler
spaces continues to be of interest for special classes of metrics ([7, 8, 15, 17,
12], etc.).
In complex geometry, T. Aikou studied in [2] the projective flatness of
complex Finsler metrics by the projective flatness of Finsler connections.
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Part of the general themes from projective real Finsler geometry can be
broached in complex Finsler geometry. However, there are meaningful dif-
ferences comparing to real reasonings, mainly on account of the fact that
the Chern-Finsler complex nonlinear connection (the main tool in this ge-
ometry), generally does not derive from a spray. Another problem is that
in complex Finsler geometry, the notion of complex geodesic curve comports
two different nuances, one is in Abate-Patrizio’s sense, ([1]), and the second
is due to Royden, ([24]). But, these notions don’t differ too much. Since
a complex geodesic curve in Royden’s sense assures that the weakly Ka¨hler
condition is satisfied along the curve, we can state that any complex geodesic
curve in [24]’s sense is a complex geodesic curve in [1]’ s sense.
Our aim in the present paper is to study the projectively related complex
Finsler metrics F and F˜ on the complex manifold M , using some ideas from
the real case. We have the canonical complex nonlinear connection avail-
able, proven to be derived from a complex spray and hence it will become
an important tool in our approach. Also, in order to obtain a general char-
acterization of the projectively related complex Finsler metrics we consider
the complex geodesics in [1]’ s sense.
Subsequently, we have made an overview of the paper’s content.
In §2, we recall some preliminary properties of the n - dimensional com-
plex Finsler spaces.
In §3, we introduce the projectively related complex Finsler metrics and
then we find some necessary and sufficient condition of projectiveness, (The-
orem 3.1 and Corollary 3.1). For two projectively related complex Finsler
metrics we show that if one of these is weakly Ka¨hler then, the other must
also be weakly Ka¨hler, (Theorem 3.2). We prove some complex versions
of the Rapcsa´k’s theorem (Theorems 3.3, 3.4 and 3.5). Next, by means of
these theorems we are able to characterize the weakly Ka¨hler and general-
ized Berwald projectively related complex Finsler metrics, (Theorem 3.6 and
Corollary 3.2). Moreover, the complex version of Hilbert’s Fourth Problem
is emphasized, (Theorem 3.7).
The last part of the paper (§4) is devoted to the projectiveness of the
complex Randers metric F˜ = α + |β|. The necessary and sufficient condi-
tions in which the metrics F˜ and α are projectively related are contained in
Theorem 4.3. We prove that the complex Randers metric F˜ = α + |β| on a
domain D from Cn is projectively related to the complex Euclidean metric
F on D if and only if α is projectively related to the Euclidean metric F and,
F˜ is a complex Berwald metric, (Theorem 4.4).
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2 Preliminaries
For the beginning we will make a survey of complex Finsler geometry and
we will set the basic notions and terminology. For more see [1, 21, 4].
Let M be a n - dimensional complex manifold, z = (zk)k=1,n are complex
coordinates in a local chart. The complexified of the real tangent bundle TCM
splits into the sum of holomorphic tangent bundle T ′M and its conjugate
T ′′M . The bundle T ′M is itself a complex manifold, and the local coordinates
in a local chart will be denoted by u = (zk, ηk)k=1,n. These are changed into
(z′k, η′k)k=1,n by the rules z
′k = z′k(z) and η′k = ∂z
′k
∂zl
ηl.
A complex Finsler space is a pair (M,F ), where F : T ′M → R+ is a
continuous function satisfying the conditions:
i) L := F 2 is smooth on T˜ ′M := T ′M\{0};
ii) F (z, η) ≥ 0, the equality holds if and only if η = 0;
iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C;
iv) the Hermitian matrix
(
gij¯(z, η)
)
is positive definite, where gij¯ :=
∂2L
∂ηi∂η¯j
is the fundamental metric tensor. Equivalently, it means that the indicatrix
is strongly pseudo-convex.
We say that a function f on T ′M is (p, q) - homogeneous with respect to
η iff f(z, λη) = λpλ¯qf(z, η), for any λ ∈ C. For instance, L := F 2 is a (1, 1)
- homogeneous function.
Roughly speaking, the geometry of a complex Finsler space consists of
the study of geometric objects of the complex manifold T ′M endowed with
the Hermitian metric structure defined by gij¯. Thus, the first step is to study
sections of the complexified tangent bundle of T ′M, which is decomposed
into the sum TC(T
′M) = T ′(T ′M)⊕ T ′′(T ′M).
Let V T ′M ⊂ T ′(T ′M) be the vertical bundle, locally spanned by { ∂
∂ηk
},
and V T ′′M be its conjugate. At this point, the idea of complex nonlinear
connection, briefly (c.n.c.), is an instrument in ’linearization’ of this geometry.
A (c.n.c.) is a supplementary complex subbundle to V T ′M in T ′(T ′M), i.e.
T ′(T ′M) = HT ′M ⊕ V T ′M. The horizontal distribution HuT
′M is locally
spanned by { δ
δzk
= ∂
∂zk
− N jk
∂
∂ηj
}, where N jk(z, η) are the coefficients of the
(c.n.c.). The pair {δk :=
δ
δzk
, ∂˙k :=
∂
∂ηk
} will be called the adapted frame
of the (c.n.c.) which obey the change rules δk =
∂z′j
∂zk
δ′j and ∂˙k =
∂z′j
∂zk
∂˙′j .
By conjugation everywhere we have obtained an adapted frame {δk¯, ∂˙k¯} on
T ′′u (T
′M). The dual adapted bases are {dzk, δηk} and {dz¯k, δη¯k}.
Certainly, a main problem in this geometry is to determine a (c.n.c.)
related only to the fundamental function of the complex Finsler space (M,F ).
The next step is the action of a derivative law D on the sections of
TC(T
′M). A Hermitian connection D, of (1, 0) - type, which satisfies in addi-
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tion DJXY = JDXY, for all X horizontal vectors and J the natural complex
structure of the manifold, is called Chern-Finsler connection (cf. [1]). Locally,
it is given by the following coefficients (cf. [21]):
N ij := g
mi∂glm
∂zj
ηl = Liljη
l ; Lijk := g
liδkgjl ; C
i
jk := g
li∂˙kgjl, (2.1)
where here and further on δk is related to the Chern-Finsler (c.n.c.) and
Dδkδj = L
i
jkδi, D∂˙k ∂˙j = C
i
jk∂˙i.
Let us recall that in [1]’s terminology, the complex Finsler space (M,F )
is strongly Ka¨hler iff T ijk = 0, Ka¨hler iff T
i
jkη
j = 0 and weakly Ka¨hler iff
gilT
i
jkη
jηl = 0, where T ijk := L
i
jk − L
i
kj. In [13] it is proved that strongly
Ka¨hler and Ka¨hler notions actually coincide. We notice that in the particular
case of complex Finsler metrics which come from Hermitian metrics on M,
so-called purely Hermitian metrics in [21], i.e. gij = gij(z), all these kinds of
Ka¨hler coincide.
The Chern-Finsler (c.n.c.) generally, does not derive from a spray, but
it always determine a complex spray with the local coefficients Gi = 1
2
N ijη
j.
Instead, Gi induce a (c.n.c.) by
c
N ij := ∂˙jG
i called canonical in [21], where it is
proved that it coincides with Chern-Finsler (c.n.c.) if and only if the complex
Finsler metric is Ka¨hler. Note that 2Gi = N ijη
j =
c
N ij η
j, and so ηk
c
δk= η
kδk,
where
c
δk is related to canonical (c.n.c.), i.e.
c
δk:=
∂
∂zk
−
c
N
j
k ∂˙j . Additionally,
in the Ka¨hler case, we have
c
δk= δk.
In [4] we have proven that the complex Finsler space (M,F ) is generalized
Berwald iff ∂˙h¯G
i = 0 and (M,F ) is a complex Berwald space iff it is Ka¨hler
and generalized Berwald.
3 Projectively related complex Finsler met-
rics
In Abate-Patrizio’s sense, ([1] p. 101), a complex geodesic curve is given by
D
Th+Th
T h = θ∗(T h, T h), where θ∗ = gm¯kgip¯(L
p¯
j¯m¯
− Lp¯
m¯j¯
)dzi ∧ dz¯j ⊗ δk, for
which it is proven in [21] that θ∗k = 2g j¯k
c
δj¯ L and θ
∗i is vanishing if and only
if the space is weakly Ka¨hler. Thus, the equations of a complex geodesic
z = z(s) of (M,L), with s a real parameter, in [1]’ s sense can be rewritten
as
d2zi
ds2
+ 2Gk(z(s),
dz
ds
) = θ∗i(z(s),
dz
ds
) ; i = 1, n, (3.1)
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where by zi(s), i = 1, n, we denote the coordinates along of curve z = z(s).
We note that the functions θ∗i are (1, 1) - homogeneous with respect to
η, i.e. (∂˙kθ
∗i)ηk = θ∗i and (∂˙k¯θ
∗i)η¯k = θ∗i.
Let L˜ be another complex Finsler metric on the underlying manifold M.
Definition 3.1. The complex Finsler metrics L and L˜ on the manifold M ,
are called projectively related if they have the same complex geodesics as point
sets.
This means that for any complex geodesic z = z(s) of (M,L) there is
a transformation of its parameter s, s˜ = s˜(s), with ds˜
ds
> 0, such that z =
z(s˜(s)) is a geodesic of (M, L˜) and, conversely.
We suppose that z = z(s) is a complex geodesic of (M,L). Thus, it
satisfies (3.1). Taking an arbitrary transformation of the parameter t = t(s),
with dt
ds
> 0, the equations (3.1) cannot in general be preserved. Indeed, for
the new parameter t we have
dzi
ds
= dz
i
dt
dt
ds
; d
2zi
ds2
= d
2zi
dt2
(
dt
ds
)2
+ dz
i
dt
d2t
ds2
; θ∗k
(
z, dz
ds
)
=
(
dt
ds
)2
θ∗k(z, dz
dt
).
Then,[
d2zi
dt2
+ 2Gi(z, dz
dt
)− θ∗i(z, dz
dt
)
] (
dt
ds
)2
= d
2zi
ds2
− dz
i
dt
d2t
ds2
+ 2Gi(z, dz
ds
)− θ∗i(z, dz
ds
) = −dz
i
dt
d2t
ds2
.
Therefore, the equations (3.1) in parameter t are
d2zi
dt2
+ 2Gi(z(t),
dz
dt
) = θ∗i(z(t),
dz
dt
)−
dzi
dt
d2t
ds2
1(
dt
ds
)2 ; i = 1, n, (3.2)
which is equivalent to
d2xi
dt2
+ 2Gi(z, dz
dt
)− θ∗i(z, dz
dt
)
dzi
dt
= −
d2t
ds2
1(
dt
ds
)2 ; i = 1, n. (3.3)
We can rewrite (3.3), taking for i two different values, as
d2xi
dt2
+ 2Gj(z, dz
dt
)− θ∗j(z, dz
dt
)
dzj
dt
=
d2zk
dt2
+ 2Gk(z, dz
dt
)− θ∗k(z, dz
dt
)
dzk
dt
= −
d2t
ds2
1(
dt
ds
)2 ,
(3.4)
for any j, k = 1, n.
Corresponding to the complex Finsler metric L˜ on the same manifold
M, we have the spray coefficients G˜i and the functions θ˜∗i. If L and L˜ are
projectively related, then z = z(s˜) is a complex geodesic of (M, L˜), where s˜ is
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the parameter with respect to L˜ . Now, we assume that the same parameter
t is transformed by t = t(s˜) and as above we obtain
d2xi
dt2
+ 2G˜i(z, dz
dt
)− θ˜∗i(z, dz
dt
)
dzi
dt
= −
d2t
ds˜2
1(
dt
ds˜
)2 ; i = 1, n. (3.5)
The difference between (3.3) and (3.5) gives
2G˜i(z,
dz
dt
)−θ˜∗i(z,
dz
dt
) = 2Gi(z,
dz
dt
)−θ∗i(z,
dz
dt
)+
[
d2t
ds2
1(
dt
ds
)2 − d2tds˜2 1( dt
ds˜
)2
]
dzi
dt
.
(3.6)
On the geodesic curves, it can be rewritten more generally as
2G˜i(z,
dz
dt
)− θ˜∗i(z,
dz
dt
) = 2Gi(z,
dz
dt
)− θ∗i(z,
dz
dt
) + 2P (z,
dz
dt
)
dzi
dt
, (3.7)
for any i = 1, n, where P is a smooth function on T ′M with complex values.
Denoting by Bi := 1
2
(θ˜∗i−θ∗i), the homogeneity properties of the functions
θ˜∗i and θ∗i give (∂˙kB
i)ηk = Bi and (∂˙k¯B
i)η¯k = Bi. Moreover the relations
(3.7) become
G˜i = Gi +Bi + Pηi. (3.8)
Now, we use their homogeneity properties, going from η to λη. Thus,
differentiating in (3.8) with respect to η and η¯ and then setting λ = 1, we
obtain
Bi = [(∂˙kP )η
k − P ]ηi and Bi = −(∂˙k¯P )η¯
kηi (3.9)
and so,
(∂˙kP )η
k + (∂˙k¯P )η¯
k = P, (3.10)
for any i = 1, n.
Lemma 3.1. Between the spray coefficients G˜i and Gi of the metrics L and
L˜ on the manifold M there are the relations G˜i = Gi + Bi + Pηi, for any
i = 1, n, where P is a smooth function on T ′M with complex values, if and
only if G˜i = Gi + (∂˙kP )η
kηi, Bi(z, η) = −(∂˙k¯P )η¯
kηi, for any i = 1, n, and
(∂˙kP )η
k + (∂˙k¯P )η¯
k = P .
From above considerations we obtain
Lemma 3.2. If the complex Finsler metrics L and L˜ on the manifold M are
projectively related, then there is a smooth function P on T ′M with complex
values, satisfying (∂˙kP )η
k + (∂˙k¯P )η¯
k = P, such that
G˜i(z, η) = Gi(z, η) + (∂˙kP )η
kηi and Bi(z, η) = −(∂˙k¯P )η¯
kηi ; i = 1, n.
(3.11)
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Remark 3.1. We denote S := (∂˙kP )η
k and Q := −(∂˙k¯P )η¯
k. The (2, 0)-
homogeneity with respect to η of the functions G˜i and Gi implies the (1, 0)-
homogeneity of S, and the (1, 1) - homogeneity of Bi gives that Q is (0, 1)-
homogeneous.
Conversely, under assumption that z = z(s) is a complex geodesic of
(M,L), we show that the complex Finsler metric L˜ with the spray coefficients
G˜i given by
G˜i = Gi +Bi + Pηi,
where P is a smooth function on T ′M with complex values, is projectively
related to L, i.e. there is a parametrization s˜ = s˜(s), with ds˜
ds
> 0, such that
z = z(s˜(s)) is a geodesic of (M, L˜).
If there is a parametrization s˜ = s˜(s) then we have
d2zi
ds˜2
= −2Gi(z, dz
ds˜
) + θ∗i(z, dz
ds˜
)− d
2s˜
ds2
1
( ds˜ds)
2
dzi
ds˜
, for any for any i = 1, n.
Now, using (3.11), it results
d2zi
ds˜2
= −2G˜i(z,
dz
dt
) + θ˜∗i(z,
dz
ds˜
) +
(
2P (z,
dz
ds˜
)−
d2s˜
ds2
1(
ds˜
ds
)2
)
dzi
ds˜
; i = 1, n.
So, z = z(s˜(s)) is a geodesic of (M, L˜) if and only if(
2P (z,
dz
ds˜
)−
d2s˜
ds2
1(
ds˜
ds
)2
)
dzi
ds˜
= 0 ; i = 1, n. (3.12)
Supposing the complex geodesic curve is not a line, it results
2P (z,
dz
ds
)
ds˜
ds
=
d2s˜
ds2
. (3.13)
Denoting by u(s) := ds˜
ds
, we have d
2s˜
ds2
= du
ds
and so, 2P (z, dz
ds
)u = du
ds
.We obtain
u = ae
∫
2P (z, dz
ds
)ds. From here, it results that there is
s˜(s) = a
∫
e
∫
2P (z, dz
ds
)dsds+ b,
where a, b are arbitrary constants.
Corroborating all above results we have proven.
Theorem 3.1. Let L and L˜ be complex Finsler metrics on the manifold M .
Then L and L˜ are projectively related if and only if there is a smooth function
P on T ′M with complex values, such that
G˜i = Gi +Bi + Pηi; i = 1, n. (3.14)
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As a consequence of Lemma 3.1 we have the following.
Corollary 3.1. Let L and L˜ be the complex Finsler metrics on the manifold
M . L and L˜ are projectively related if and only if there is a smooth function
P on T ′M with complex values, such that G˜i = Gi + (∂˙kP )η
kηi , Bi(z, η) =
−(∂˙k¯P )η¯
kηi, for any i = 1, n, and (∂˙kP )η
k + (∂˙k¯P )η¯
k = P .
The relations (3.14) between the spray coefficients G˜i and Gi of the pro-
jectively related complex Finsler metrics L and L˜ will be called projective
change.
Theorem 3.2. Let L and L˜ be two complex Finsler metrics on the manifold
M, which are projectively related. Then, L is weakly Ka¨hler if and only if L˜
is also weakly Ka¨hler. In this case, the projective change is G˜i = Gi + Pηi,
where P is a (1, 0) - homogeneous function.
Proof. We assume that G˜i = Gi+(∂˙kP )η
kηi, Bi = 1
2
(θ˜∗i−θ∗i) = −(∂˙k¯P )η¯
kηi
and (∂˙kP )η
k + (∂˙k¯P )η¯
k = P.
If L is weakly Ka¨hler then θ∗i = 0 and so, θ˜∗i = −2(∂˙k¯P )η¯
kηi which
contracted by g˜ir¯η¯
r = ∂˙lL˜, gives θ˜
∗ig˜ir¯η¯
r = −2(∂˙k¯P )η¯
kL˜.
But, θ˜∗ig˜ir¯η¯
r = 0. Thus, (∂˙k¯P )η¯
k = 0, which implies θ˜∗i = 0, i.e. L˜ is
weakly Ka¨hler and P = (∂˙kP )η
k. So that, we obtain G˜i = Gi + Pηi. The
converse implication results immediately by the same way.
Lemma 3.3. Let (M,L) be a complex Finsler space and L˜ a complex Finsler
metric on M. The spray coefficients G˜i and Gi of the metrics L and L˜ satisfy
G˜i = Gi +
1
2
g˜r¯i
(
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜)
)
; i = 1, n. (3.15)
Proof. Having
c
δk L˜ =
∂L˜
∂zk
−
c
N lk (∂˙lL˜), by a direct computation we obtain
∂˙r¯(
c
δk L˜) = ∂˙r¯
(
∂L˜
∂zk
−
c
N lk (∂˙lL˜)
)
= ∂
2L˜
∂zk∂η¯r
− (∂˙r¯
c
N lk)(∂˙lL˜)−
c
N lk g˜lr¯, which
contracted with g˜r¯iηk, and taking into account ηk
c
δk= η
kδk, implies that
g˜r¯i∂˙r¯(
c
δk L˜)η
k = g˜r¯i∂˙r¯(δkL˜)η
k = 2G˜i−2g˜r¯i(∂˙r¯G
l)(∂˙lL˜)−2G
i and so (3.15)
is justified.
Next, we prove some complex versions of the Rapcsa´k’s theorem.
Theorem 3.3. Let L and L˜ be complex Finsler metrics on the manifold M .
Then, L and L˜ are projectively related if and only if
1
2
(
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜)
)
= P (∂˙r¯L˜) +B
ig˜ir¯ ; r = 1, n, (3.16)
with P =
1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)].
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Proof. We assume that L and L˜ are projectively related. Then, by Theorem
3.1 and (3.15) we have
Bi + Pηi =
1
2
g˜r¯i
(
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜)
)
; i = 1, n. (3.17)
First, if these relations are contracted by g˜im¯η¯
m, we get
−
1
2
θ∗i(∂˙iL˜) + PL˜ =
1
2
∂˙m¯(δkL˜)η
kη¯m + (∂˙m¯G
l)η¯m(∂˙lL˜),
because Big˜im¯η¯
m = −1
2
θ∗i(∂˙iL˜). But, the (2, 0)− homogeneity of the func-
tions Gi leads to (∂˙m¯G
l)η¯m = 0 and ∂˙m¯(δkL˜)η
kη¯m = (δkL˜)η
k. Thus, P =
1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)]. Second, contracting into (3.17) only by g˜im¯, we ob-
tain (3.16).
Conversely, plugging the formulas (3.16) into (3.15), it results (3.14) with
P = 1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)], i.e. L and L˜ are projectively related.
Theorem 3.4. Let L and L˜ be the complex Finsler metrics on the manifold
M . Then, L and L˜ are projectively related if and only if
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜) =
1
L˜
(δkL˜)η
k(∂˙r¯L˜); (3.18)
Br = −
1
2L˜
θ∗l(∂˙lL˜)η
r; r = 1, n;
P =
1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)].
Moreover, the projective change is G˜i = Gi + 1
2L˜
(δkL˜)η
kηi.
Proof. By Corollary 3.1, if L and L˜ are projectively related, then there is
a smooth function P on T ′M with complex values, such that G˜i = Gi +
(∂˙kP )η
kηi, Bi = −(∂˙k¯P )η¯
kηi, for any i = 1, n, and (∂˙kP )η
k + (∂˙k¯P )η¯
k = P .
Using (3.15) it results
(∂˙kP )η
kηi =
1
2
g˜r¯i
(
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜)
)
; i = 1, n, (3.19)
which contracted firstly by g˜im¯ and secondly by g˜im¯η¯
m give
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜) = 2(∂˙kP )η
k(∂˙r¯L˜) and (∂˙kP )η
k = 1
2L˜
(δkL˜)η
k
respectively, since δkL˜ is (1, 1)−homogeneous.
Now, contracting Bi = −(∂˙k¯P )η¯
kηi with g˜im¯η¯
m, it leads to (∂˙k¯P )η¯
k =
1
2L˜
θ∗i(∂˙iL˜), because B
i g˜im¯η¯
m = −1
2
θ∗i(∂˙iL˜). Adding the last two relations
obtained, it results P = 1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)].
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Conversely, replacing the first condition of (3.18) into (3.15) we obtain
G˜i = Gi + Sηi, where S := 1
2L˜
(δkL˜)η
k.
Now, having P = 1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)], we obtain
(∂˙kP )η
k = 1
2L˜
(δkL˜)η
k = S and (∂˙k¯P )η¯
k = 1
2L˜
θ∗i(∂˙iL˜).
Thus, these lead to G˜i = Gi+(∂˙kP )η
kηi, Bi = −(∂˙k¯P )η¯
kηi and (∂˙kP )η
k+
(∂˙k¯P )η¯
k = P.
Plugging L˜ = F˜ 2 into (3.18) we have proven another equivalent complex
version of Rapcsa´k’s theorem.
Theorem 3.5. Let F and F˜ be the complex Finsler metrics on the manifold
M . Then, F and F˜ are projectively related if and only if
∂˙r¯(δkF˜ )η
k + 2(∂˙r¯G
l)(∂˙lF˜ ) =
1
F˜
(δkF˜ )η
k(∂˙r¯F˜ ) ; (3.20)
Br = −
1
F˜
θ∗l(∂˙lF˜ )η
r; r = 1, n;
P =
1
F˜
[(δkF˜ )η
k + θ∗i(∂˙iF˜ )].
Moreover, the projective change is G˜i = Gi + 1
F˜
(δkF˜ )η
kηi.
Theorem 3.6. Let L be a weakly Ka¨hler complex Finsler metric on the
manifold M and L˜ another complex Finsler metric on M. Then, L and L˜
are projectively related if and only if L˜ is weakly Ka¨hler and
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜) = 2P (∂˙r¯L˜) ; r = 1, n, (3.21)
P =
1
2L˜
(δkL˜)η
k.
Moreover, the projective change is G˜i = Gi + Pηi and P is (1, 0) - homoge-
neous.
Proof. Having in mind the Theorems 3.2 and 3.4 the direct implication is
obvious. For the converse, we have Bi = θ∗i = θ˜∗i = 0, because L and L˜ are
weakly Ka¨hler, which together with (3.21) are sufficient conditions for the
projectiveness of the metrics L and L˜. Now, plugging (3.21) into (3.15) it
results G˜i = Gi + Pηi and the (1, 0)−homogeneity of P .
Let us pay more attention to Theorem 3.5. As its consequence, we have.
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Corollary 3.2. Let F be a generalized Berwald metric on the manifold M
and F˜ another complex Finsler metric on M. Then, F and F˜ are projective
if and only if
∂˙r¯(δkF˜ )η
k =
1
F˜
(δkF˜ )η
k(∂˙r¯F˜ ) ; B
r = −
1
F˜
θ∗l(∂˙lF˜ )η
r; (3.22)
P =
1
F˜
[(δkF˜ )η
k + θ∗i(∂˙iF˜ )],
for any r = 1, n. Moreover, the projective change is G˜i = Gi + 1
F˜
(δkF˜ )η
kηi
and F˜ is also generalized Berwald.
Proof. The equivalence results by Theorem 3.5 in which ∂˙r¯G
l = 0, because
F is a generalized Berwald metric. In order to show that F˜ is generalized
Berwald, we compute
∂˙r¯[
1
F˜
(δkF˜ )η
k] = − 1
F˜ 2
(∂˙r¯F˜ )(δkF˜ )η
k + 1
F˜
∂˙r¯(δkF˜ )η
k = 0, by using the first
identity from (3.22). Now, differentiating the projective change G˜i = Gi +
1
F˜
(δkF˜ )η
kηi with respect to η¯r it results ∂˙r¯G˜
l = 0, i.e. F˜ is generalized
Berwald.
In particular, if F is a Ka¨hler metric, then Theorem 3.6 and Corollary
3.2 imply
Corollary 3.3. Let F be a complex Berwald metric on the manifold M and
F˜ another complex Finsler metric on M. Then, F and F˜ are projectively
related if and only if F˜ is weakly Ka¨hler and
∂˙r¯(δkF˜ )η
k = P (∂˙r¯F˜ ) ; r = 1, n ; P =
1
F˜
(δkF˜ )η
k. (3.23)
Moreover, the projective change is G˜i = Gi + Pηi and F˜ is generalized
Berwald.
Proposition 3.1. Let F and F˜ be two projectively related complex Finsler
metrics on the manifold M . If P is (1, 0) - homogeneous with respect to η
and F is generalized Berwald, then P is holomorphic with respect to η.
Proof. We have G˜i = Gi + Bi + Pηi, with P homogenous of (1, 0) - degree.
This implies Bi = 0 and so, by Corollary 3.2, θ∗l(∂˙lF˜ ) = 0. So that, P =
1
F˜
(δkF˜ )η
kηi and, it has the property ∂˙r¯P = 0.
Proposition 3.2. Let F and F˜ be two projectively related complex Finsler
metrics on the manifold M . If P is (0, 1) - homogeneous with respect to η
and F is generalized Berwald, then Bi = −Pηi, for any i = 1, n, and the
projective change is G˜i = Gi.
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Proof. Let be the projective change G˜i = Gi+Bi+Pηi, with P homogenous
of (0, 1) - degree. Since G˜i and Gi are (2, 0) - homogeneous and Bi , P ηi are
(1, 1) - homogeneous, it follows G˜i = Gi and Bi = −Pηi.
Further on, the complex version of the Hilbert’s Fourth Problem is ap-
proached.
Theorem 3.7. Let L be complex Euclidean metric on a domain D from Cn
and L˜ another complex Finsler metric on D. Then, L and L˜ are projectively
related if and only if L˜ is weakly Ka¨hler and
G˜i =
1
2L˜
∂L˜
∂zk
ηkηi ; i = 1, n . (3.24)
Moreover, L˜ is generalized Berwald.
Proof. The complex Euclidean metric L := |η|2 =
∑n
k=1η
kη¯k is Ka¨hler with
the local spray coefficients Gi = 0, for any i = 1, n. By these assumptions,
the conditions (3.21) can be rewritten as
∂˙r¯(
∂L˜
∂zk
)ηk = 2P (∂˙r¯L˜), (3.25)
for any r = 1, n , where P = 1
2L˜
∂L˜
∂zk
ηk. Further on, by contraction in (3.25)
with g˜r¯i and since G˜i = 1
2
g˜r¯i∂˙r¯(
∂L˜
∂zk
)ηk, using again (3.25) it follows that
G˜i = Pηi which is (3.24). The converse is obvious.
Taking L˜ = F˜ 2 into (3.24), it becomes
G˜i =
1
F˜
∂F˜
∂zk
ηkηi ; i = 1, n . (3.26)
Some examples of complex Finsler metrics which are projectively related
to the complex Euclidean metric are given by the following purely Hermitian
metrics defined over the disk ∆nr =
{
z ∈ Cn, |z| < r, r :=
√
1
|ε|
}
⊂ Cn :
L˜(z, η) :=
|η|2 + ε
(
|z|2|η|2 − |< z, η >|2
)
(1 + ε|z|2)2
; ε < 0, (3.27)
where |z|2 :=
∑n
k=1z
kz¯k, < z, η >:=
∑n
k=1z
k η¯k and |< z, η >|2 =< z, η >
< z, η > . They are Ka¨hler and in particular, for ε = −1 we obtain the
Bergman metric on the unit disk ∆n := ∆n1 . Their geodesics are segments of
straight lines.
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4 Projectiveness of a complex Randers met-
ric
We consider β(z, η) := bi(z)η
i a differential (1, 0) - form and α(z, η) :=√
aij¯(z)ηiη¯j a purely Hermitian metric on the manifold M. By these objects
we have defined the complex Randers metric F˜ = α+ |β| on T ′M with
∂α
∂ηi
=
1
2α
li ;
∂|β|
∂ηi
=
β¯
2|β|
bi ; η˜i :=
∂L˜
∂ηi
=
F˜
α
li +
F˜ β¯
|β|
bi,
G˜i =
a
Gi +
1
2γ
(
lr¯
∂b¯r
∂zj
−
β2
|β|2
∂br¯
∂zj
η¯r
)
ξiηj +
β
4|β|
kri
∂br¯
∂zj
ηj
li : = aij¯ η¯
j ; bi := aj¯ibj¯ ; ||b||
2 := aj¯ibibj¯ ; b
ı¯ := b¯i,
where
a
Gi= 1
2
a
N ij η
j are the spray coefficients of the purely Hermitian metric
α and γ := L˜+α2(||b||2−1), ξi := β¯ηi+α2bi, kr¯i := 2αaj¯i+ 2(α||b||
2+2|β|)
γ
ηiη¯r−
2α3
γ
bib¯r − 2α
γ
(β¯ηib¯r + βbiη¯r).
Moreover, the complex Randers metric F˜ is weakly Ka¨hler if and only if
α2|β|
γδ
[
β
α||b||2 + |β|
|β|
∂bm¯
∂zr
η¯m + β¯
(
∂br
∂zl
− bm¯
∂alm¯
∂zr
)
ηl − α|β|bm¯
∂bm¯
∂zr
]
ηrCk
−
(
αβ¯Fkl + αbl
∂br¯
∂zk
η¯r + 2|β|alr¯Γ
r¯
j¯kη¯
j
)
ηl + αbk
∂bm¯
∂zr
η¯mηr = 0, (4.1)
where Cj := δ
(
1
α2
lj −
β¯
|β|2
bj
)
, with δ := α
2||b||2−|β|2
2γ
− n|β|
2F
, Fil :=
∂bl
∂zi
− ∂bi
∂zl
and
Γr¯
j¯i
:= 1
2
ar¯k(
∂akj¯
∂zi
−
∂aij¯
∂zk
) . For more details see [3].
Theorem 4.1. ([4]) Let (M, F˜ ) be a connected complex Randers space.
Then, it is a generalized Berwald space if and only if (β¯lr¯
∂b¯r
∂zj
+β ∂br¯
∂zj
η¯r)ηj = 0.
Theorem 4.2. ([4]) Let (M, F˜ ) be a connected complex Randers space.
Then, it is a complex Berwald space if and only if it is both generalized
Berwald and weakly Ka¨hler. Moreover, α is Ka¨hler and N˜ ij =
a
N ij .
First, our aim is to determine the necessary and sufficient conditions in
which the complex Randers metric F˜ is projectively related to the Hermitian
metric α. A simple computation shows that,
(δkF˜ )η
k = (δk|β|)η
k =
1
2|β|
(β¯lr¯
∂b¯r
∂zk
+ β
∂br¯
∂zk
η¯r)ηk, (4.2)
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because (δkα)η
k = 0 and
θ∗i(∂˙iF˜ ) = −
β¯
2|β|
Γkij¯bkη
iη¯j. (4.3)
Taking into account Theorem 4.1 we have proven
Lemma 4.1. Let (M, F˜ ) be a connected complex Randers space. Then,
(M, F˜ ) is a generalized Berwald space if and only if (δk|β|)η
k = 0.
Theorem 4.3. Let (M, F˜ ) be a connected complex Randers space. Then,
i) α and F˜ are projectively related if and only if F˜ is generalized Berwald
and Bi = −Pηi, for any i = 1, n, where P = − β¯
2F˜ |β|
Γk
ij¯
bkη
iη¯j ;
ii) α is Ka¨hler and α is projectively related to F˜ if and only if F˜ is a
complex Berwald metric.
In these cases, the projective change is G˜i =
a
Gi .
Proof. We first prove i). The purely Hermitian property of the metric α
implies that it is generalized Berwald. If α and F˜ are projectively related,
then by Corollary 3.2 it results that F˜ is also generalized Berwald. So that,
by (4.2), (4.3) and Lemma 4.1, the conditions (3.22) reduce to Bi = −Pηi,
for any i = 1, n, where P = − β¯
2F˜ |β|
Γk
ij¯
bkη
iη¯j.
Conversely, if F˜ is generalized Berwald, then the first condition from
(3.22) is identically satisfied and by (4.3), Bi = − 1
F˜
θ∗l(∂˙lF˜ )η
i and P =
1
F˜
θ∗i(∂˙iF˜ ). All these conditions imply the projectiveness of the metrics α and
F˜ . ii) is a consequence of i), under assumptions of Ka¨hler for the metrics α
and F˜ , respectively.
Example. Let ∆ = {(z, w) ∈ C2, |w| < |z| < 1} be the Hartogs triangle
with the Ka¨hler-purely Hermitian metric
aij =
∂2
∂zi∂zj
(log
1
(1− |z|2) (|z|2 − |w|2)
); α2(z, w; η, θ) = aijη
iηj , (4.4)
where z, w, η, θ are the local coordinates z1, z2, η1, η2, respectively, and
|zi|2 := ziz¯i, zi ∈ {z, w}, ηi ∈ {η, θ}. We choose
bz =
w
|z|2 − |w|2
; bw = −
z
|z|2 − |w|2
. (4.5)
With these tools we have constructed in [5] the complex Randers metric
F˜ = α + |β|, where α(z, w, η, θ) :=
√
aij¯(z, w)ηiη¯j and β(z, η) = bi(z, w)η
i.
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It is a complex Berwald metric, and so, by Theorem 4.3 ii), α and F˜ are
projectively related.
Our second goal is to find when a complex Randers metric F˜ = α+ |β| on
a domain D from Cn is projectively related to the complex Euclidean metric
F on D.
For this, we make several assumptions. On the one hand we assume that
F˜ is a complex Berwald metric. Thus, by Theorem 4.3, ii) we obtain that
α and F˜ are projectively related, α is Ka¨hler and G˜i =
a
Gi . On the other
hand, we assume that α is projectively related to the Euclidean metric F.
Therefore, Theorem 3.7 implies that
a
Gi= 1
α
∂α
∂zk
ηkηi . Under these statements,
we compute
1
F˜
∂F˜
∂zk
ηkηi = 1
F˜
∂α
∂zk
ηkηi + 1
F˜
∂|β|
∂zk
ηkηi
= 1
F˜
∂α
∂zk
ηkηi + 1
2|β|F˜
(
(δk|β|)η
k + 2β¯
a
Gl bl
)
ηi
= α
F˜
a
Gi + |β|
F˜
1
α
∂α
∂zk
ηkηi =
a
Gi . Thus, G˜i = 1
F˜
∂F˜
∂zk
ηkηi, for any i = 1, n, which
together with the Berwald assumption for F˜ , give that F˜ is projectively
related to the complex Euclidean metric F .
Conversely, by Theorem 3.7 it results that F and F˜ are projectively re-
lated if and only if the complex Randers metric F˜ is weakly Ka¨hler and
G˜i = 1
F˜
∂F˜
∂zk
ηkηi, for any i = 1, n. These induce the generalized Berwald prop-
erty for F˜ and by Theorem 4.2, F˜ is a complex Berwald metric. Now, taking
into account Theorem 4.3, ii) it results that F˜ and α are projectively related,
α is Ka¨hler and G˜i =
a
Gi .
So, we obtain
a
Gi=
1
F˜
(
∂α
∂zk
ηk +
β¯
|β|
a
Gl bl
)
ηi. (4.6)
The contraction with bi of (4.6) gives
a
Gi bi =
β
α
∂α
∂zk
ηk, which substituted into
(4.6) yields
a
Gi= 1
α
∂α
∂zk
ηkηi, i.e. α is projectively related to the Euclidean
metric F.
Therefore, the following theorem is proved
Theorem 4.4. Let F˜ = α + |β| be a complex Randers metric on a domain
D from Cn and F the complex Euclidean metric on D. Then, F and F˜ are
projectively related if and only if α is projectively related to the Euclidean
metric F and, F˜ is a complex Berwald metric.
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